Comparative Analysis of Theoretical Aspects in Credit Risk Models  by Kollár, Boris et al.
 Procedia Economics and Finance  24 ( 2015 )  331 – 338 
Available online at www.sciencedirect.com
2212-5671 © 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Selection and/or peer-review under responsibility of the Organizing Committee of ICOAE 2015.
doi: 10.1016/S2212-5671(15)00673-5 
ScienceDirect
International Conference on Applied Economics, ICOAE 2015, 2-4 July 2015, Kazan, Russia 
Comparative analysis of theoretical aspects in credit risk models 
Boris Kollára,*, Ivana Weissováb, Anna Siekelovác 
aUniversity of Žilina in Žilina, Faculty of Operation and Economics of Transport and Communications, Department of Economics, Univerzitná 1, 
Žilina 010 26, Slovak Republic 
bUniversity of Žilina in Žilina, Faculty of Operation and Economics of Transport and Communications, Department of Economics, Univerzitná 1, 
Žilina 010 26, Slovak Republic 
cUniversity of Žilina in Žilina, Faculty of Operation and Economics of Transport and Communications, Department of Economics, Univerzitná 1, 
010 26 Žilina, Slovak Republic 
Abstract 
The main aim of presented article is comparison of basic characteristics and mutual comparison of two basic credit risk models. 
Namely we will compare Merton and KMV models. There is significant increase of credit risk importance in global economy and 
also in business sector nowadays. We focus on differences in computational procedures, individual credit risk modelling 
techniques, as well as the variability in input parameters, used for risk quantification. The result will be comprehensive overview 
of these models differences as well as the presentation of basic recommendations for their usage along with the mention of their 
advantages and disadvantages. We will also mention test results of various renowned agencies, which reflect the accuracy of 
these models. 
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1. Merton model 
This model is based on the idea that shares and debt can be seen as derivatives of corporate assets. This view of 
corporate obligations brought Black and Scholes in his work from 1973. Merton developed their idea in his work 
which was published a year later. From this work on, all other structural models are based on this the basics set by 
Merton, but they move much closer to reality because they abandon some of its strict assumptions. 
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1.1. The basic assumptions of the model 
The fundamental equation which determines the value of the security is an integral part of the structural 
models. It is necessary to adopt following assumptions during the derivation of fundamental equation: 
 
1. The absence of transaction costs, taxes, and problems with the divisibility of assets. 
2. Each investor can buy and sell at the market price desired amount of assets. 
3. Interest rates are equal. 
4. The possibility to apply a short sale  
5. Trading of assets takes place in continuous time. 
6. Modigliani-Miller theorem is valid, ie. value of the firm is independent of its capital structure. 
7. We consider the constant risk-free rate, ie. assume a flat yield curve. 
8. The dynamics of the assets value can be described by a stochastic differential equation (SDE): 
݀ ௧ܸ ൌ ሺߙ ௧ܸ െ ܥሻ݀ݐ ൅ ߪ ௧ܸ݀ ௩ܹ  (1) 
 
where: 
ߙ– is the instantaneous expected rate of return on the company's value per unit of time, 
C – is the sum of dividends paid on the value of the company per unit of time (positive or negative), 
ߪ – is the standard deviation of random components of company's value, 
݀ ௩ܹ – is Wiener's random process. 
Stochastic process is described in SDE as a special form of Ito's process. 
 
Defintion 1 –Ito's process 
Process C (t) is called Ito's process if it can be expressed in the form: 
ܺሺݐሻ ൌ ܺሺͲሻ ൅ ׬ ߙ௧଴ ሺݐሻ݀ݐ ൅ ׬ ߚ
௧
଴ ሺݐሻܹ݀ሺݐሻ, (2) 
 
where are adaptation processes that integrals exist. Formally, this term may be written in the form of stochastic 
differential as: 
݀ܺሺݐሻ ൌ ߙሺݐሻ݀ݐ ൅ ߚሺݐሻ݀ ௧ܹ (3) 
 
Assumptions 1-4 are the assumptions of perfect competition. The assumption number 5, is sufficient for the 
stock markets to trade for most of the day. 
An important assumption is the Modigliani-Miller theorem. MM theorem says that in the absence of taxes, 
bankruptcy costs, asymmetric information, and efficient market, the company value is not affected by the manner of 
its financing. The two companies, which are completely identical except for the fact that one of them is financed 
with equity capital and other one  with foreign debt capital have the same value by MM theorems. It follows by the 
fact that the value of company performs in the model as an exogenous variable, which is confirmed by the 
assumption 8. The validity of this assumption was proved by Merton during the construction of model. The validity 
of this argument, however, stems from the other assumptions of Merton model, mainly due to the absence of taxes, 
which have to be taken into account according to Gavlakova, Kliestik (2014). In later models, it was retreated from 
this assumption and thus also automatically retreated from the MM theorems. 
The last assumption 8 itself implicitly contains the validity of the efficient markets. As we wrote above, the 
theory of efficient markets has two subhypotheses - successive price changes are independent and governed by some 
probability distribution. The consequence of this assumption is therefore a condition of continuous course of 
changes in prices and also the condition of their mutual independence. In addition, the following definition of 
company value development meets the requirements which are usually put to the development of the company's 
value. According to Kliestik et al. (2014) dpecifically, we are referring to the requirement that the value of the 
company is always positive and model is versatile for different levels of the company's value. The development of 
௧ܸ  can be decomposed into two components and that are the trendy deterministic and random components. A 
random component is represented by Wiener. Non-random component then gains exponential functions which is 
corresponding to model of the assets prices movement derived above. 
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1.2. General valuation of derivatives written on company's value 
In credit risk assessment of the company and estimation its default probability is the most important 
development of the company's value given by equation (1). The company's asset value is variable, which is very 
difficult to observe from the outside. This assumes that there is a security Y, whose market value is a function of the 
time and companies, thus ܻ ൌ ݂ሺܣǡ ݐሻ. Development of the market price of such security is then modeled by using 
SDE: 
݀ ௧ܻ ൌ ൫ߙ௬ܻ െ ܥ௬൯݀ݐ ൅ ߪ௬ܻ݀ ௬ܹ    (4) 
 
where: 
ߙ– is the instantaneous expected rate of return on the securities Y per unit of time, 
ܥ௬–is the sum of dividends paid on securities per unit of time (positive or negative), 
ߪ௬ –is the standard deviation of the random components of the security's value, 
݀ ௬ܹ – is Wiener's random process. 
At first sight, there is registration analogy between the evolution of the company's value and the value of 
securities Y. If Y value is determined at the same time by stochastic differential equations (4) and the functional 
relationship ܻ ൌ ܨሺܸǡ ݐሻ, we can thus solve the given task by Ito's formula. 
 
Sentence 1 – Ito's formula 
Let X(t) be is Ito's random process defined by the following stochastic equation: 
݀ܺሺݐሻ ൌ Ɋሺݐሻ݀ݐ ൅ ߪሺݐሻ݀ ௧ܹ     (5) 
 
Where ௧ܹ is a Wiener process and let f(x,t) to be continuous derivable function of the second degree. Then 
f(x(t),t)  is also a valid Ito's process and it stands: 
݂݀ሺݔሺݐሻǡ ݐሻ ൌ ቆߜ݂ߜݐ ൅ Ɋ
ߜ݂
ߜݔ ൅
ͳ
ʹߪ
ଶ ߜଶ݂
ߜݔଶቇ ݀ݐ ൅ ߪ
ߜ݂
ߜݔ ݀ ௧ܹ 
    (6) 
 
Using of Ito's formula is followed with following result for defined function: 
 
ܻ݀ ൌ ߜܨߜܶ ܸ݀ ൅
ͳ
ʹ
ߜܨ
ߜܸ ሺܸ݀ሻ
ଶ ൅ ௧ܸ     (7) 
ܻ݀ ൌ ൤ͳʹߪ
ଶܸଶ ߜܨߜଶܸ ൅ ሺߙܸ െ ܥሻ
ߜܨ
ߜܸ ൅
ߜܨ
ߜݐ ൨ ݀ݐ ൅ ߪܸ
ߜܨ
ߜܸ ݀ ௩ܹ  
    (8) 
 
By comparing equations 4-4 and 4-7, which describe the dynamics of the price of the security Y, we obtain: 
ߙ௬ܻ ൌ ߙ௬ܨ ؠ ଵଶ ߪଶܸଶ
ఋி
ఋమ௏ ൅ ሺߙܸ െ ܥሻ
ఋி
ఋ௏ ൅
ఋி
ఋ௧ ൅ ܥ௬       (9) 
ߪ௬ܻ ൌ ߪ௬ܨ ؠ ߪܸ ఋிఋ௏         (10) 
݀ ௬ܹ ൌ ݀ ௩ܹ   (11) 
Merton takes in his work into account portfolio consisting of three components, namely: - the value of 
company securities Y and risk-free bond ݒ௜ (where i=1,2,3)  denotes the number of dollars invested in the various 
components of the portfolio. Immediate return of the portfolio in dollars can be then written: 
 
 
݀ݔ ൌ ݒଵ
ሺܸ݀ ൅ ܥ݀ݐሻ
ܸ ൅ ݒଶ
ሺܻ݀ ൅ ܥ௬݀ݐሻ
ܻ ൅ ݒଷݎ݀ݐ 
(12) 
 
݀ݔ ൌ ൣݒଵሺߙ െ ݎሻ ൅ ݒଶሺߙ௬ െ ݎሻ൧݀ݐ ൅ ݒଵߪ݀ ௩ܹ ൅ ݒଶߪ௬݀ ௬ܹ (13) 
݀ݔ ൌ ൣݒଵሺߙ െ ݎሻ ൅ ݒଶሺߙ௬ െ ݎሻ൧݀ݐ+ൣݒଵߪ ൅ ݒଶߪ௬൧݀ ௩ܹǡsubstitúcia z 4-11 (14) 
  
Where:  
r-je is risk free rate. 
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To value the security Y we have to use arbitrage theory. We have to such a portfolio strategy that ensures zero 
coefficient of the second member. Then the return of such portfolio is non-random variable, because we eliminate 
the impact of random Wiener process ௩ܹ.  Thus formed portfolio is then the risk-free. To exclude the possibility of 
arbitration profit, expected revenue of contemplated strategy have to be zero. In the following specified conditions, 
investor cannot realize arbitration profit. Formally, we can write the following conditions in the following form: 
 
 
ܽଵߪ ൅ ܽଶߪ௬ ൌ Ͳ     (15) 
ܽଵሺߙ െ ݎሻ ൅ ܽଶ൫ߙ௬ െ ݎ൯ ൌ Ͳ     (16) 
 
 
Condition 15 reflects the risk-free portfolio and condition 16 again excludes arbitration profit in such a 
portfolio. These conditions can be understood as a system of two equations in two variables a1 and a2. 
 
ఈି௥
ఙ ൌ
ఈ೤ି௥
ఙ೤    
         (17) 
Substituting the derived relationships 9 and 10, and after minor modifications: 
 
Ͳ ൌ ͳʹߪ
ଶܸଶ ߜܨߜଶܸ ൅ ሺݎܸ െ ܥሻ
ߜܨ
ߜܸ െ ݎܨ ൅
ߜܨ
ߜݐ ൅ ܥ௬ 
      (18) 
 
Partial differential equation 18 was derived by this process. The result of partial differential equation is the 
value of the security Y. It is important to note that there is not drift of Itôs process of formula 4, thus αy in this 
equation. We can say that the value of the security Y does not depend on parameter α. The other parameters 
remaining after the derivation of the equation are not affected by the risk preferences of investors. This distribution 
can be considered as risk neutral. The same applies not only to the value of securities Y, but also to the value of 
assets V. 
The above procedure of valuation is a general because it was applied to the general security which value is a 
function of the value of the company and time. Initial and two restrictive conditions are needed to solve the 18 
equation. Individual real securities will differ from each other in these conditions.  
1.3. Corporate debt as a zero-coupon bond 
In this part we apply the relations derived above for specific simplified example. The individual steps will be 
applied in accordance with the suggested general solution. 
Merton assumes that the value of a company is a summary of their assets, At  in his simplified model. The 
company covers assets by the following two types of liabilities: 
x Homogeneous debt expressed by only one zero-coupon bond at T - Dt. 
x Equity of the company which is expressed as the sum of issuable shares held by the shareholders of the 
company - ௧ܵ. 
Thus formulated and defined the balance sheet of the company can be represented schematically as follows: 
 
Table. 1: The balance sheet at Merton model 
Company 
Assets Liabilities 
Assets (ܣ௧) Issuable shares ( ௧ܵ) 
Debt (ܦ௧) 
ܣ௧ ௧ܵ ൅ ܦ௧ 
 
The company cannot issue new bonds or pay dividends. By issuing a bond Dt the company undertakes that will 
pay nominal value of bond to holder of bond at the time T, thus D(T,T)=NH. If a company has not sufficient funds 
to satisfy its creditors at time T (the value of the assets is less than the nominal value of the bond), there is a default 
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of company. In this case companies are assumed by the creditors, who will share the remaining asset value and the 
original shareholders of the company will get nothing. There are two cases at T: 
 
x ܣ் ൐ ܰܪǣܦ் ൌ ܰܪ்ܵ ൌ ܣ் െ ܰܪ 
x ܣ் ൏ ܰܪǣܦ் ൌ ܣ்்ܵ ൌ Ͳ      
 
Figure 1. The value of stocks and bonds in the time „T“ 
Source: Merton R.: On the pricing of corporate debt:The risk structure of interest rates, Jurnal of Finance, 1974, str. 449-470  
 
Figure 1 shows the pay-out diagram and this pay-out diagram is the same as the pay-out scheme of optional 
contract. Now we can return to the model of general security. We will work with two securities from this type. 
Because stock and bond are depend on the time and also on the value of company. Merton in his others derivation 
takes into account the time which remains until the time T, and he indicates this time as߬. For better overview we 
compare the symbols of specific and general model: 
ܸ Corresponds with ܣ௧ 
ܨଵ Corresponds with ଵܵ, while ௧ܵ ൌ ܵሺܣ௧ǡ ߬ሻ 
ܨଶ Corresponds withܦ௧ , with ܦ௧ ൌ ܦሺܣ௧ǡ ߬ሻ 
Balance equation is true based on mentioned definition: 
ܣ௧ ൌ ܵሺܣ௧ǡ ߬ሻ ൅ ܦሺܣ௧ǡ ߬ሻ    (19) 
 
As another we use the relation 20 which is derives for to the bond valuation: 
Ͳ ൌ ͳʹߪ
ଶܣ௧ଶ
ߜܦ
ߜଶܣ௧ ൅ ݎܣ௧
ߜܦ
ߜܣ௧ െ ݎܦ െ
ߜܦ
ߜݐ  
   (20) 
We determine the limiting conditions and initial condition. Limiting conditions directly follow from model 
which had been defined. Then we can say that is true when the value of assets will be zero then the price of bond 
and share will be zero, too: 
ܦሺͲǡ ߬ሻ ൌ ܵሺͲǡ ߬ሻ ൌ Ͳ     (21) 
At the same time is true, that the value of bond cannot be higher than the value of company. From this fact is 
derivate this following condition: 
ܦሺܣ௧ǡ ߬ሻ
ܣ௧ ൑ ͳ 
   (22) 
 
The initial condition is based on the way how we treat with bond at the time of his maturity. It means that 
company pays to the creditors the nominal value of bonds in case if company has enough resources. On the other 
hand the company goes bankrupt in case when it does not have enough resources. Then we can suppose that the 
company will always act in the best interests of its shareholders. Formal:  
ܦሺܣ௧ǡ Ͳሻ ൌ ݉݅݊ሾܣ௧ǡܰܪሿ       (23)      
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Thanks to these conditions (21, 22 and 23) it is possible to solve the Partial Differential Equation 12 and obtain 
the value of debt: 
Ͳ ൌ ͳʹߪ
ଶܣ௧ଶ
ߜܵ
ߜଶܣ௧ ൅ ݎܣ௧
ߜܵ
ߜܣ௧ െ ݎܵ െ
ߜܵ
ߜݐ  
     (24) 
 
With initial condition: 
ܵሺܣ௧ǡ Ͳሻ ൌ ݉ܽݔሾͲǡ ܣ௧ െ ܰܪሿ      (25) 
and with limiting conditions 21 and 22. 
 
This task is the same as the task of valuation of European call option for one stock which does not pay a 
dividend. Black and Scholes formulated this consideration in their paper in 1973. The value of company, in this 
analogy, corresponds with the spot price of share and the nominal value of bond in the strike price of option. This 
fact provides to us the possibility how we can solve the task by using Black-Scholes equation. In the model we need 
to supplement the assumption that the percentage changes in the price of shares have the normal distribution. ߪଶ we 
will suppose as constant: 
ܵሺܣ௧ǡ ߬ሻ ൌ ܣ௧ߔ൫ݔଵǡ௧൯ െ ܰܪ݁ି௥ఛߔሺݔଶǡ௧ሻ         (26) 
Where: 
ߔሺݔଵሻ ؠ
ͳ
ξʹߨ න݁
ିଵଶ௭మ݀ݖ
௫
ିஶ
 
     (27) 
ݔଵǡ௧ ؠ
ሺ݈݊ ቀ ܣ௧ܰܪቁ ൅ ቀݎ ൅
ͳ
ʹߪଶቁ ߬ሻ
ߪξ߬  
     (28) 
ݔଶǡ௧ ؠ ݔଵǡ௧ െ ߪξ߬      (29) 
 
When we substitute into the equation 31 from the balance equationܣ௧ ൌ ܵ൫ܣ௧ǡݐ൯ ൅ ܦሺܣ௧ǡ ݐሻ, then we can also 
add the value of debt 
ܦሺܣ௧ǡ ߬ሻ ؠ ܣ௧ െ ൣܣ௧ߔ൫ݔଵǡ௧൯ െ ܰܪ݁ି௥ఛߔሺݔଶǡ௧ሻ൧      (30) 
ܦሺܣ௧ǡ ߬ሻ=NH݁ି௥ఛ ቂߔ൫ݔଶǡ௧൯ ൅ ଵௗ೟ ߔሺെݔଵǡ௧ሻቃ 
     (31) 
Where: 
݀௧ ൌ
ܰܪ݁ି௥ఛ
ܣ௧  
     (32) 
 
We will achieve the valuation of risk of the bond, as a result. If we want to be complete it will be desirable to 
derivate the credit spread of this bond. Then we can compare the profitability of risk bond and the profitability of 
risk-free bond. D is the market value of bond and NH is the nominal value of bond, if we suppose to continuous 
interest then the recovery rate R corresponds to the following formula: 
ܦ݁ோ் ൌ ܰܪ       (33) 
We can express D from this formula and then we substitute it into equation 31. After several modifications the 
credit spread looks like follow:  
 
ܴ െ ݎ ൌ െͳܶ ݈݊ ൤ߔ൫ݔଶǡ௧൯ ൅
ͳ
݀ ߔሺെݔଵǡ௧ሻ൨ 
      (34) 
Therefore credit spread is depends on the volatility of assets, on the risk-free rate, on the maturity period and 
on the ratio of debt and assets in certain time.  
2. Moody's KMV 
Thanks to the Merton model was created the commercial model Moody´s KMV (Creditor Monitor Model). 
Keahofer, McQuow and Vascik created this model under the auspices of Moody´s Company. The basic data for this 
model is the logic which is taken from the Optional Merton model. However KMV Model, unlike Merton Model, 
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mainly works with the market values of input variables. His creators suppose that the market variables contain 
information from financial markets and also expectations and market prediction. For this reason KMV Model has 
become very popular in the commercial area and he is still used in this area. Basic variable which is determined to 
identify credit risk is the probability of default in this model. This probability of default derives from corporate´s 
indicators. However KMV Model is coming with a new variable which can measure credit risk. This variable 
derives from the probability of default. This variable is the expected default frequency (EDF - expected default 
frequency). EDF expresses the probability of company´s default, during the next year. 
KMV Model is based on the assumption that the probability of default is determined by three basic variables, 
these variables are:  
x The market value of assets - is defined as the present value of future cash flows which are create by 
company´s assets, 
x The volatility of assets - the uncertainty of the future value of assets. This value is measured by the 
standard deviation. This is a relevant variable. For example, if we have two companies with the same value 
of assets (60 ) and with the same value of default´s barrier (10 ) then the higher probability of default will 
have the company which have higher volatility of its assets. The change in the standard deviation for one 
unit causes the significant change in the market value of assets. This uncertainty is main based on the risk 
of industry and on the future company performance, size of company and on the geographic location. 
x The Leverage - the leverage expresses the ratio of the market value of assets to the nominal value of 
commitments. In the case of default is required to repay the debts into their face value with using assets, 
which value is depends on the market situation. Companies which have low volatility of their assets (for 
example banks) can have the higher value of leverage. And companies which have high volatility of assets 
(for example software companies) have to observe the lower value of leverage.  
 
The important benefit of KMV Model is the fact, that this model links these tree variables into the one 
variables. Then this variable can measure the credit risk. This variable is the distance to default (DD).  Model  
ܦܦ ൌ ݐ݄݁݉ܽݎ݇݁ݐݒ݈ܽݑ݁݋݂ܽݏݏ݁ݐݏ െ ݐ݄݁ܾܽݎݎ݅݁ݎ݋݂݂݀݁ܽݑ݈ݐݐ݄݁݉ܽݎ݇݁ݐݒ݈ܽݑ݁݋݂ܽݏݏ݁ݐݏ ൈ ݐ݄݁ݒ݋݈ܽݐ݈݅݅ݐݕ݋݂ܽݏݏ݁ݐݏ 
     (35) 
 
If we know the probability distribution of asset value or the default value to the individual distances to default is 
known, default probability can be directly calculated. In contrast to the original Merton model, KMV model based 
on empirical studies suggest that the default barrier is equal to the sum of the nominal amounts of all corporate 
debts. This model also in contrast to the Merton model distinguishes between different types of liabilities. According 
to KMV default barrier has a lower value than the sum of the nominal amounts of all liabilities and is equal to total 
current liabilities and one-half of long-term liabilities. This clearly concludes that long-term maturity gives 
companies greater freedom and space for the distribution of payments over time and avoid default. Moment of 
default occurs when the market value of the asset overcomes barrier of defaults. In contrast to Merton KMV model 
considers any one time of overcoming barriers of default not only at maturity. 
3. Comparison of KMV model and Merton model 
The table shows some of the basic differences between Merton and KMV model, referred to in the literature. 
 
Table. 2: Comparison of KMV model and Merton model. 
Merton model KMV model 
Considering the risk-free interest rate Considering risk interest rate in the form of ROA 
Barriers of default is fixed Random value of default barrier through EDF 
Probability of default is monitored only at time T The probability of default is monitored at a time 
interval of 0 to T 
considering a normal distribution of future asset value Considering a log-normal distribution of the future 
value of assets 
the default barrier is equal to the sum of all debts The amount of debt (default barrier) depends on the 
definition of default timescale 
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By Valaskova (2014) KMV model in contrast to the Merton model considers heterogeneous defaults barrier 
(consisting of several types of liabilities), which is closer to reality. On the other hand, it is necessary to specify the 
value of outstanding obligation for the period on the basis of the financial statements. The model assumes that the 
carrying amount is then repaid by the market value of assets. However, market value does not take into account 
liquidity of these assets. This is also mentioned in the KM model. 
KMV model expresses the risk of the entire company in contrast to the Credit metrics. This approach has its 
advantages and disadvantages. It depends mainly on the purpose of using the model. KMV model prefers the 
indicator of risk DD than the indicator of probability of default.  
Liabilities in the financial statements can be hidden thanks to a different method of accounting in different 
countries. The default barrier is calculated precisely based on these data. In case of default of the company amount 
of value liabilities in the company is important, as well as the liquidity of assets that can be used to cover these 
liabilities. 
The model is applicable only to publicly traded companies. This fact represents one of the weaknesses of this 
model – Valaskova et al. (2014). But precisely because of market observable input data, the model is able to 
dynamically respond to changes in the market and thus reflect the current situation. 
KMV model assumes that capital markets perfectly fulfill its function. This means that the shares fair view of 
the financial situation of these companies. 
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